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Abstract 

Primordial spectral indices are calculated to second order in slow-roll parameters for three 
closely-related models of inflation, all of which contain a scalar field non-minimally coupled 
to the Ricci curvature scalar. In most cases, n s may be written as a function of the non- 
minimal curvature coupling strength £ alone, with n s (£) < 1, although the constraints on £ 
differ greatly between 'new inflation' and 'chaotic inflation' initial conditions. Under 'new 
inflation' initial conditions, there are discrepancies between the values of n s as calculated 
in the Einstein frame and the Jordan frame. The sources for these discrepancies are ad- 
dressed, and shown to have negligible effects on the numerical predictions for n s . No such 
discrepancies affect the calculations under 'chaotic inflation' initial conditions. 



PACS numbers: 98.80C, 04.50 



1 Introduction 

In many models of the very early universe, the canonical Einstein-Hilbert gravitational action 
emerges only as a low-energy effective theory, rather than being assumed from the start. A large 
class of these generalized Einstein theories (GETs) involves scalar fields non-minimally coupled 
to the Ricci curvature scalar. Such Brans-Dicke-like couplings |2| arise, for example, in models 
of superstring compactification @ and Kaluza-Klein theories and are related, via conformal 
transformation, to quantum-gravitational counter-terms, which are proportional to the square of 
the Ricci scalar. [|| || 

Recent experimental determinations of the power spectrum of density perturbations |7]], mod- 
eled as V oc k Us Q, offer a rare glimpse of such Planck-scale physics. The spectral index for this 
scalar perturbation, n s , functions as a test for models of the very early universe, independently of 
the familiar test based on the magnitude of perturbations. It has been shown, for example, that 
one well-known GET model of inflation, extended inflation Q, cannot produce the observed nearly 
scale-invariant (Harrison-Zel'dovich) spectrum: extended inflation predicts n s < 0.76, instead of 



n s = 1.00. [10] The constraints on n s for extended inflation come from that model's incorporation 



of a first order phase transition to exit inflation (see [11| for more on this so-called l u problem'.) 
As discussed in [^] , this pitfall can be avoided in GET models of inflation which undergo a second 
order phase transition to exit the inflationary phase. In this paper, three cousin-models of extended 
inflation are considered, all of which fare much better in comparisons with the observed values of 
n s . 

The analysis is carried out to second order in the potential-slow-roll approximation (PSRA) 



parameters identified by Andrew Liddle, Paul Parsons, and John Barrow [14], who have recently 



amended earlier work by several authors [13] |15[|. These papers are based on the Hamilton- Jacobi 



equations of motion for a theory with a scalar field minimally coupled to the curvature scalar; 
before they can be applied to the non-minimally coupled GETs considered here, use must be made 



of a conformal transformation (5| 16], which, via field redefinitions, puts the GET equations of 
motion into the "Einstein frame" form of an Einstein-Hilbert gravitational action with a minimally 
coupled scalar field. 

In this connection, it is important to keep Redouane Fakir and Salman Habib's cautionary 



note in mind. In [17] they have demonstrated that ambiguities arise when studying the quantum 
fluctuations of scalar fields in GETs in various frames: the scalar two-point correlation function 
evaluated in the "Jordan" or "physical" frame, in which the non-minimal 4> 2 R coupling is explicit, 
differs from the two-point correlation function evaluated after the field redefinitions, in the Einstein 
frame. Yet, as discussed below, when the inflationary expansion is quasi-de Sitter, a{t) oc exp(Ht), 
with H ~ 0, the ambiguities isolated in [[l?]] affect the magnitude of the correlation function only, 
and not the /c-dependence (and hence not n s ; see eq. (58) in ]17|). All three of the models consid- 
ered below display such quasi-de Sitter expansion under "chaotic inflation" initial conditions, and 
thus the Einstein frame formalism employed here for n s should remain unproblematic. 

However, under "new inflation" initial conditions, two of the models evolve as a quasi-power- 



law, a(t) oc t p . In these cases, ambiguities similar to those discussed in [17] do affect the form of n s . 
As discussed below in section 3.2, the discrepancy between values of n s as calculated in the Jordan 
and Einstein frames arises because the curvature perturbation upon which the PSRA formalism is 



based, 1Z = (H/<p) 5<f> ||| [13], is not invariant with respect to the conformal transformation. (This 



discrepancy can be resolved by choosing a suitable generalization of TZ; see |29f|.) Still, it can be 
shown that even in these cases of quasi-power-law expansion, the numerical results for n s in the 
Jordan frame, as calculated with the PSRA formalism, differ negligibly from the Einstein frame 
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results. 

The specific method for calculating n s is developed in section 2. In section 3, the formalism 
is applied to induced-gravity inflation, for which we can compare the Einstein-frame results with 
Jordan-frame calculations. In sections 4 and 5, the analysis is presented for two models with a differ- 
ent non-minimal (p 2 R coupling and two different potentials. Concluding remarks follow in section 6. 



2 Einstein frame formalism 

The calculation of n s for these GET models of inflation involves two distinct tasks: calculating the 
PSRA parameters, which consist of various combinations of d n U/dtp n , where U is the scalar field 
potential following the conformal transformation, and tp is the newly-defined scalar field following 
the conformal transformation; and calculating <fHCi the value of ip when the scales of interest 
crossed outside of the horizon during inflation. In general the first of these tasks is straightforward, 
while the second can become quite tricky. 

The action for the three models studied below can be written in the general form: 



S = / d 4 x^j 



f(<t>)R- -^^'^-v^) 



(1) 



where /(</>) gives rise to the non-minimal coupling, (p 2 R. This action yields the coupled field 
equations: 



acf, - V'{ct>) + f{ct>)r\<t>) 



3a/(<A) + ^;A0 ;A + 2y(0) 



= 0. 



(2) 



In eq. (2), a prime indicates d/d<p. 

These complicated field equations can be simplified by making a particular conformal transfor- 



mation (see, e.g., ||): 



n 2 ( x ) = 2K 2 f(cf>), 



(3) 



where quantities in the new frame are marked by a caret. The quantity k 2 = 8ttM~ 2 , where 
M p i ~ 1.22 x 10 19 GeV is the present value of the Planck mass. (We thus require that f(4>) remain 
positive definite, to ensure that M p i does not change sign.) If we further define a new scalar field 
(p and scalar potential U by: 



d<p 



-i m + 3(/'(<a)) 2 



# v 2 / 2 (^) 

Ufa) = (2K 2 f(0))- 2 v( ( i ) ) = n-*v^), 

then the action in the new frame may be written in the canonical Einstein-Hilbert form: 



(4) 



J d Ai x\[^-g~ 



(5) 



The action in eq. (5) now yields the familiar equations of motion: 



np-U'(ip) = 0, 



(6) 



where derivatives are now taken with respect to the metric g^, and a prime indicates d/d(p. 

When evaluating the field equations, we will assume that the background spacetime can be 
written in the form of a flat (k = 0) Robertson- Walker line element: 



ds 2 = g iW dx iX dx v = -dt 2 + a 2 (t)dx 2 

= Q- 2 (x) (-dt 1 + a 2 (t)d£ 



(7) 
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from which we can see that dt = Q(x)dt, and d(t) = Q(x)a(t). These relationships will become 
important when evaluating tpHC- 

The spectral index (n s ) is determined by § 

din 6% 

where b\ = \5p/p\ 2 . An exactly scale-invariant (Harrison-Zel'dovich) spectrum of perturbations 
corresponds to n s = 1.00. For inflationary models, one can relate deviations from this exactly scale- 
invariant spectrum directly to changes in the Hubble parameter H((p) and its derivatives during the 
time that various scales were crossing outside of the horizon. [O] fl4|| fl5| Such a parametrization 



corresponds to the "Hubble-slow-roll approximation" (HSRA) scheme of [14]. Using the inflationary 
equations of motion, these deviations in terms of H(<p) can then be rewritten as changes in the 
inflaton's potential, U(<p), and its derivatives. This parametrization corresponds to the "Potential- 
slow-roll approximation" (PSRA) scheme of ][l4j]. This is the approach adopted here. 

To second order in PSRA parameters, the spectral index n s depends only on three parameters, 
e, rj, and These three functions of ip are defined by 

- 1 (EM 

e ~ 2k 2 \ U(<p) 
1 (U"(<p) 

V - K 2 v U(<p) 

c - ^CyC:^ ' 2 . ( 9 ) 



K 2 V U 2 {if) 



where, again, a prime denotes d/dip. To second order, then, the spectral index is given by [13 [14]: 



n s = 1 - 6e + 2?? + ^(44 - 18c)e 2 + (4c - 14)«j + \r) 2 + -(13 - 3c)C 2 , (10) 
6 6 b 



To avoid confusion between the third PSRA parameter and the non-minimal coupling strength, we will use £ to 
denote the PSRA parameter, and £ to denote the coupling strength. In |l4[ , the third PSRA parameter is labeled f, 
instead of (. 
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where c = 4(ln2 + 7) ~ 5.081 (7 ~ 0.577 is Euler's constant). During inflation, each of these PSRA 
parameters remains less than unity, and hence the deviations of the spectrum of perturbations from 
the scale-invariant spectrum should indeed remain small. 

The PSRA parameters in eq. (10) are to be evaluated at ipHC- Yet for two of the models 
considered below, ip(4>) cannot be written in closed form. Instead, the PSRA parameters can be 
written as functions of the Jordan-frame scalar field <f>, by using eq. (4) and: 

uf= dU = dldU^ 
dip dip d(f) ' 

and so on for the higher derivatives. From eq. (4), it is clear that U and all of its derivatives can 
always be written in closed form in terms of <f>. We can thus derive e, rj, and £ as functions of <ft 
alone. This leaves the task of calculating the value of <j> which corresponds to <f>HC- 

Solving for the value of the field at the time of horizon-crossing is difficult in either frame; 



but, following [19], we can use the fact that scales of interest to us crossed outside of the horizon 



approximately 60 e-folds before the end of inflation: 

a d(tend) Q{%end) a (tend) 1,0 , . .-, , 

e ^= - — — ry ~' 6 . ( \-*L ) 

a(tffc) £1(xhc) a(t H c) 



We can check how sensitively this assumption affects the calculation of n s ; this is treated below, in 
section 3.1. In each of the models considered below, a(t) can be solved in closed form as a function 
of (p(t) during the period of slow-roll, and since O(x) is also defined as a function of (j)(t), we may 
find an approximate value for 4>hc m each case, where 4>hc is the value of the Jordan-frame scalar 
field at the time when the scales of interest crossed outside of the horizon in the Einstein frame. 
(See |^] for a similar discussion in the context of extended inflation.) This last step allows the 
PSRA parameters to be evaluated at the correct time. 

Finally, it should be noted that by using the PSRA parameters instead of the HSRA parameters, 



we have necessarily made an additional assumption, referred to as the "inflationary attractor' 



assumption in [14]. That is, we have assumed that near inc, the full Einstein-frame field equations: 



# 2 + T77 = — 



may be approximated as: 



H 2 * 



(13) 



at 



(14) 



where H = a da/di. In other words, we have assumed that the standard Einstein- frame "slow- 



roll" approximations may be made. As discussed in [14] |2q] , inflationary solutions of the full 
equations of motion, eq. (13), approach the "slow-roll" attractor situation, eq. (14), at least ex- 
ponentially quickly (provided that the sign of dip/dt, and hence of eft, does not change - we will 
assume this here). Thus, by using the PSRA parameters to study n s , we assume that tnc occurs 
sufficiently late in the time-evolution of the inflationary phase to allow the dynamics to converge 
on eq. (14). It is this assumption which enables the Jordan-frame scale factor a(t) to be solved in 
terms of cj>(t) during the slow-roll period. 



3 Induced-gravity Inflation 

3.1 Einstein frame results 



The first model to be considered here is induced-gravity inflation. IS] [21] In this model, an 
extended inflation-like Brans-Dicke coupling is combined with a Ginzburg-Landau potential: 



S 



J d^xy/^g 

z(^ 2 ) 2 > 



(15) 



where £ (> 0) is the non-minimal coupling strength, and is related to the Brans-Dicke parameter 
id by £ = (4w) _1 . The non-minimal coupling turns the Planck mass into a dynamical quantity; the 
present value of the Planck mass is related to the vacuum expectation value of the potential, v, by 
M p i = \/8tt^ v. In a flat Friedmann universe, the Jordan-frame field equations are: 

* 2 - >^(i) 2 - 2j # 

4> + 3H<j>+^ = j r ^±[4V(cf>)-cj>V'(4>)], (16) 

where overdots denote time derivatives, and primes denote d/d(f>; we have assumed that the classical 
background field <j> is sufficiently homogenous, so that all spatial derivatives become negligible. 
These equations correspond exactly to the Einstein- frame equations (13). The Einstein-frame 
"inflationary attractor" field equations (14) may then be rewritten as: 

3 ("*+f) - (iTiejjW*)-*^*)]. (") 

Yet the assumption, U(tp) » ^(dip/di) 2 , is equivalent to V{4>) S> |<A 2 (1 + 6£), and thus it remains 
consistent further to simplify the field equations during slow-roll as: 

m4 > - (TT^)5 1 4VW " * v ' w l • <18> 

These approximate equations may be integrated to yield the solutions: 



m = *° ± V 3(1 + W ^ *' 



(l+6?)/4« 



(T)""""[^(*-^)J 

In eq. (19), O and ae are values at the beginning of the inflationary epoch. The ± in <j)[t) is 
determined by the initial conditions: for a "chaotic inflation" scenario, (f> S> v, and the — should 



(19) 



be used in the solution of <p(t); in a "new inflation" scenario, (p <C v, so the + should be used 
in the solution for cp(t). Thus we can see that with the chaotic inflation initial condition, a(t) is 



dominated by a quasi-de Sitter expansion for early times (a(t) oc exp(</> -\/A/3£ t)), whereas with 
the new inflation initial condition, a(t) is dominated by a quasi-power-law expansion at early times 
(a(t) oct( 1+6 «)/ 4 «). 

We may now make the conformal transformation of eqs. (3-4), in order to calculate the PSRA 
parameters. The conformal factor for induced-gravity inflation is simply proportional to the 

Jordan- frame field: fi(x) = yj k 2 £ (f>(t), and the new scalar field potential, written as a function of 
the Jordan-frame field, becomes: U(<p) = (k 2 £(/> 2 )~ 2 V (</>). Finally, the Einstein-frame scalar field 
is defined by: dtp/d<j) = + 6^)/k 2 ^0 2 . Using these relationships, the PSRA parameters of eq. 
(9) become: 

8£ v 4 



V 



(1 + 6^ (<A 2 -v 2 ) 2 ' 

8£ v 2 (2v 2 - <j) 2 ) 
(1 + 60 {(f> 2 -v 2 ) 2 ' 



4^ M (4> 2 -4v 2 ) 

(1 + 60V (<A 2 -^ 2 ) 3 ' 

Before we may evaluate n s , we must calculate <\>hc using eq. (12), for which we need 4> en d, the 
value of the Jordan-frame field at the time inflation ends in the Einstein frame.^ Inflation ends (in 
the Einstein frame) once d 2 d/dt 2 = (instead of being < 0). To first order, this is determined by 



e = 1. 1 14] If we write (pend = P(Q v, then we may solve for (5: 



\ 



1 ± 



8C 



(21) 



(1 + 60 

where, again, the ± is determined by the initial conditions: + for a chaotic inflation scenario, and 

— for a new inflation scenario. Note that 8£/(l + 6£) < 4/3, so in both the chaotic and new inflation 

2 Note that this value of 4>end should be very close to the value of <j> at the time inflation ends in the Jordan frame, 
since as 4> — > v, Q(x) — > 1, and the two frames coincide. 



scenarios, the end of inflation occurs close to <j) = v, as expected. 
If we next write 4>hc = m (0 v , then equation (12) becomes: 



(l+10?)/4? 



exp 



8£ 



(m 2 - 0' 



(22) 



In order to solve for m(£) under chaotic inflation conditions, it is helpful to rewrite eq. (22) as: 



m 
1 



exp 



(1 + 6Q 
2(1 + 100 



(m 2 -/3 2 ) 



8£a 



2(1 + 10^ 



(23) 



To remain consistent, m//3 > 1 for the chaotic inflation scenario, which requires 



8£a 



(1+60 



(24) 



where the subscript "c/i" is to remind us that this inequality is to be satisfied under chaotic inflation 
conditions only. 

For the new inflation scenario, it is helpful to rewrite eq. (22) as: 



(l + eo (i + 60 \PJ 2 r 



(25) 



As in [12], this equation may now be solved approximately for m under two limiting conditions: (a) 
4£a <C (1 + 60) and (b) 4(a» (1 + 60- However, as discussed below in section 3.2, £ is strongly 
constrained in the new- inflation scenario of this model, based on sufficient inflation requirements: 
£ < 2.5 x 10~ 3 . Thus we need only consider the case (a). In this limit, m becomes: 



^ +(/?-D 2 , 



(1 + 60 



(26) 



where the subscript "new" is to remind us that this approximate solution for m applies only under 
the new inflation conditions. Note that given the constraint on £, the (/? — l) 2 term will always 
remain over an order of magnitude smaller than the 4£a/(l + 60 term. 
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Using eqs. (20, 24, 26), the PSRA parameters may now be written as functions of the non- 
minimal coupling strength £ alone: 

8£ 1 
6 ~ (1 + 6^) (m 2 -l) 2 ' 
8£ (2 - m 2 ) 



c 



;i + 60 (m 2 -l) 2 ' 
4>/2f / (to 2 -4) 



(to 2 - 1)3 



(27) 



(1 + 60 

where the appropriate m(£) is determined by the initial conditions. 

Approximate first-order results for n s may be written using eq. (10), and taking the limits: 
to ^> 1 for chaotic inflation initial conditions, and m< 1 for new inflation initial conditions. In 
these limits, to first order, the spectral index may be written: 

1 _ 

ns ' ch ~ (8£a + l)' 
n s ,new - 1-16£, (28) 

where we have used a ~ 60 3> 1 when evaluating n SjC h, and £ <C 1 when evaluating n S)new . It 
is important to remember that these expressions for n s are limiting cases, corresponding loosely 
to £ > 0(1) and £ < 0(1O~ 3 ), respectively; the second-order result for n SjC h, for example, has a 
positive slope for increasing £, unlike this approximate solution. 

The full second-order results for n s are plotted in Figure 1. For the chaotic inflation case, 
0.90 < n s < 0.97 for £ > 1.5 x 10~ 3 , which is obviously close to the observed n s ~ 1.00 spectrum Q. 
For the new inflation case, 0.93 < n s < 0.97 for £ < 4 x 10~ 3 . Thus, induced-gravity inflation 
predicts a spectral index in close agreement with the experimental determinations. 

The sensitivity of n s to our assumption e a ~ e 60 may be checked by calculating dn s /da. From 
eq. (10), it is clear that this requires calculating de/da, drj/da, and d(/da. For the case of chaotic 
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inflation conditions, eqs. (24) and (27) yield: 

de -128£ 2 1 



da\ ch (l + 6 £) 2 (m 2 -l) 3 ' 

drj_ _ 64g 2 (m 2 - 3) 
da~\ ch ~ (l + 6£) 2 (m 2 -l)3- 

When £ > 1, m 2 ch -> 4q/3 > 1, so 

oc a" 3 ~O(10- 6 ), 

^ -.-2 



(29) 



— t oc a" 2 - 0(KT 4 ). (30) 
<9«U 



When e « 1, (m*, - 1) - 8^/(1 + 6£), so 

— oc C a , 

oa\ ch 

p- oc r 1 a _3 (8^a-2). (31) 

Because ( only enters in n s at second order in the PSRA expansion, d(/da has not been explicitly 
included, although it can easily be shown to behave similarly to de/da and drj/da. Likewise, for the 
new inflation case, eqs. (26) and (27) yield de/da oc drj/de oc £ 4 a 2 , so that both of these deviations 
remain < 0(1O~ 8 ), given the independent constraint for new inflation conditions, £ < 2.5 x 10 -3 . 
If we expand n s in a Taylor series as: 

(dft \ 
-^j (a - 60) + ..., (32) 

then eq. (31) can be used to place limits on the regions of £-space, under chaotic inflation condi- 
tions, for which the assumption n s (60) remains accurate: requiring (n s (a) — n s (60)) < 10~ 2 , for 
(q - 60) ~ 10, limits £ to £ > 10 3 a~ 3 ~ O(10" 3 ). Note that under new inflation conditions, 
(n s (a) — n s (60)) will always remain < O(10 -7 ). The assumption that a = 60, put in by hand to 
facilitate computation of 4>hc, therefore has negligible effects on the calculation of n s , so long as 
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£ > 0(10 3 ) under chaotic inflation conditions. Thus, for the remainder of this paper, all numerical 
results for n s will be calculated assuming a = 60. 



3.2 Comparison with Jordan frame results 



In [12], n s was calculated directly in the Jordan frame for a new inflation scenario of induced-gravity 
inflation. There it was assumed that the scales of interest crossed outside of the horizon while the 
expansion was still predominantly quasi-power-law, a(t) oc t p , where p = (1 + 6£)/4£. The result 
was: 

n s 7 = 1 — ^— -. (33) 

s,j (1 + 20 

This should be compared with the m<Cl limit of the Einstein- frame results in eq. (28): n s< E — 
1 — 16£. Obviously, the results differ between the two frames. 

The difference may be traced to ambiguities between the quantum fluctuations of the scalar 



field in the two frames. |17[] The usual procedure for calculating the density perturbation spectrum 



is to study the intrinsic curvature perturbation, given (during inflation) by |§ [13]: 

K=S,5cj). (34) 
The spectrum of the density perturbation is then given by 

^ 1/2 = |(W| 2 ) 1/2 , (35) 
where | A</>| 2 is the two-point correlation function for the scalar field's quantum fluctuations, defined 



as @ |2J 



2 r d 3 



A, -(/,-. - ) ^ = A; 3 / ^ e ^(^(x, r )^(0,r)). (36) 

This is the basis for the PSRA formalism. The trouble is that although 1Z is gauge-invariant with 
respect to the choice of comoving or synchronous gauge [g], it is not invariant with respect to the 
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conformal transformation of equations (3-4). Labeling 7Z the curvature perturbation as evaluated 
in the Einstein frame, it is straightforward to show that 

h (H + n/ri) H 
n = — —s dip = } . ' = n5ip^^ 54>, (37) 

or TZ 7^ 1Z. For induced-gravity inflation, = \/ k 2 £ 4>, so that during inflation, O/O = <fi/<fi <C 
H |lq| ; similarly, under the new inflation conditions, with £ < 0(1O -3 ), then 60 2 /k 2 = 6£0 2 <C </> 2 , 
giving 7£ ~ (H/<p) O <5c^. For calculating n s , however, it remains to compare the fc-dependence of 
5(j) with that of 5ip. 

As shown in |12|| , near tjjc, the linearized equation of motion for the fluctuations 5(f> is that of 
a nearly-massless scalar field in an expanding background spacetime: 

$'([> + 3H6<f> - -^V 2 5ct> ~ 0, (38) 
a 1 

where 6(f) = d 2 (8(f)) /dt 2 . Written in terms of conformal time, dr = dt/a, and a conformal field 
defined by ip = aS<f>, the equation of motion for each mode becomes: 

4>k - —*Pk + k 2 ^ k ~ 0, (39) 
a 

where primes (in this section only) denote d/dr, and we have performed a spatial Fourier trans- 
form. For a metric expanding as a(t) oc t p , the scale factor as a function of r becomes a(r) oc 
[(1 — p)t] p ^ 1 ~ p \ and the equation of motion takes the form: 



fc2 + p(l - 2p) 1 



^ 0. (40) 



(l-p)2 r 2_ 

Note that this approaches the equation of motion for a massless scalar field in a de Sitter back- 
ground 1 17] [23] [p?]] as p — ► oo, as it should given the form a(i) oc i p . If we next define the field x 



as x = T 1 ^ 2 V') an d work in terms of the variable x = kr, then the equation of motion takes the 
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form of Bessel's equation: 



d 2 Xk IdXk + 
dx 2 x dx \ x 2 



(3p ~ I) 2 
4(p- l) 2 



Xk ^ 0. 



(41) 



Mode solutions for the original field 8(f> may then be written in terms of Hankel functions: 



(r) ~ Cit" \A k H^(kr) + B k H^{kr) 



(42) 



where Ci is a constant, and 



3p- 1 



(43) 



2(p - 1) 

The subscript "J" is to remind us that this solution is for the fluctuations in the Jordan frame. 
Again we see asymptotic agreement with the de Sitter case, which has v,ieS = 3/2. 

The Bunch-Davies vacuum, as defined for the case of de Sitter expansion, corresponds to A k = 



[17] [22|; note that such a choice of vacuum is warranted for the case of power-law expansion 
as well, since, in the limit p — * 0, this vacuum choice yields mode solutions which approach the 
ordinary Minkowski space solutions for massless scalar particles, cx k~ 1 / 2 exp(ik ■ x — ikt). |^] [28] 
Taking the limit kr — > (for long- wavelength modes f23|), the fluctuations 8(f) then behave, for this 
choice of vacuum, as 

<%(t) oc k~ VJ . (44) 



The two-point correlation function for these fluctuations then becomes: 



A(f)(k,r) 



(45) 



This gives 



V n oc 8 2 H oc \A<f>\ 2 j oc k 3 ' 2uj . 



(46) 



Using eqs. (8), (43), and p = (1 + 6£)/4£ yields the result: 



n s , j — l 



8g 
(1 + 20' 



(47) 
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This is the origin of eq. (33). 

The situation in the Einstein frame may now be compared: the fluctuations 5p> obey the equation 
of motion: 

d 2 5<p ~d6<p 1 ~ 2r d 2 U(ip) r 

¥ + 3H-£ - —V 2 5ip + y J 5ip = 0. (48) 



dt 2 dt a 2 dip 2 



At tnci however, 



L2 2 

H 2 HC - ^U(<p H c), (49) 



a 2 (t HC ) "° 3 



giving 



fc 2 \ Vtffa) 



oc £ (50) 



\d 2 (i HC ) J dip 2 

and under new inflation conditions £ <C 1, so in the Einstein frame the fluctuations Sip also behave 
as a nearly-massless scalar field. 

The conformal transformation gives Q oc 4> oc t, and thus i oc i 2 . Furthermore, a(t) = f2 a(t), so 
a Jordan-frame scale factor a(t) oc t p corresponds to an Einstein-frame scale factor a(t) oc £( p+1 )/ 2 . 
The conformal transformation does not affect x, so k = k. Proceeding as above, the equation of 
motion for the Einstein-frame fluctuations may be cast in the form of Bessel's equation, and mode 
solutions written as: 

5(p k {r) = C 2 t» [A k H& (hr) + B k H^{kr)] , (51) 
with C2 7^ C\ another constant, and 

v = VE = ^-^* V j. (52) 

Note that this result also yields the de Sitter solution, VdeS = 3/2, as p — > 00. 

If we attempt to define the Einstein-frame vacuum as A k = 0, then the two-point correlation 
function for the fluctuations 5ip becomes, as kr — > 0: 

A<p(k,r)\ 2 oc k 3 - 2vB , (53) 
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and thus 

"- = 1 -(TW- < 54 > 

This reproduces the approximate first-order result for re Sj £, eq. (28), given £ < 0(1O~ 3 ). 

It is now easy to see why n s is unaffected by these ambiguities for the case of quasi-de Sitter 
expansion: when a(t) oc exp(Ht), the Jordan-frame two-point correlation function for the quantum 



fluctuations takes the asymptotic form [17] [24]: 



|A^(A:-r)| 2 ^ C 3 [l + (A;r) 2 J . (55) 

We saw above that k = k; similarly, the conformal time, dr = dt/a, remains invariant under the 
conformal transformation. Thus, for quasi-de Sitter inflation, the /c-dependence does not change 
between the two frames (although the magnitude of the correlation function does change between 
the two frames fT^] ), and the results for n s obtained using the Einstein- frame formalism of section 
2 should be accurate for the Jordan frame as well. 

Put another way, we may understand the discrepancy between the two frames as follows: quasi- 
de Sitter expansion in the Jordan frame yields quasi-de Sitter expansion in the Einstein frame 
as well, so that vj = ve = 3/2. Quasi-power-law expansion in the Jordan frame likewise gives 
quasi-power-law expansion in the Einstein frame, but with a different power, so that vj ^ ve- 
This difference in v (if the vacua in the two frames are defined to be A^ = A^ = 0) is responsible 
for the different /c-dependencies of n s . This discrepancy may be remedied by finding a gauge- 
invariant measure of the intrinsic curvature perturbation which also remains invariant with respect 
to the conformal transformation. (Note that the combination presented in [18] does not circumvent 



the discrepancy between 8(f) and 6<p for models with quasi-power-law expansion.) Such a frame- 
independent formalism has been developed in [|29|] , with which the Jordan-frame value for n s does 
indeed match the Einstein-frame PSRA result. 
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Finally, having calculated the discrepancy between n S) j and n S) e for the new inflation scenario 
of induced-gravity inflation, it is important to consider how large a numerical difference this ambi- 
guity amounts to. This can be done by finding the allowed region of £-space which yields sufficient 
inflation. In [14|, Liddle, Parsons, and Barrow demonstrated that for inflationary models to solve 



the horizon and flatness problems, the model must provide at least 70 e-folds of expansion of the 
comoving Hubble length, (d-ff) -1 (this is slightly different from the requirement ordinarily assumed 
in the literature, that the scale factor a grow by 70 e-folds). To first order in the PSRA parameters, 
this requires: 



(aH) i K 2 rcp end l/i l \ 

N(<f> , <f> end ) = In V =-\Hr - Tm 1 - ^(<f>) - - V (4>) # > 70. (56) 

\aH) V 2 J0 O ^ep) V 3 3 J 

Note that although N is written here in terms of the Jordan-frame field (j), it pertains, like the 
PSRA parameters e and rj, to the Einstein frame; that is, we require that the comoving Hubble 
length in the Einstein frame inflate by at least 70 e-folds during inflation. For the new inflation 
scenario of induced-gravity inflation, with ^ <t) and 4> en d = /3v, this may be integrated to yield 
the closed-form expression: 

. v/r+6{, :) /, i 



^sTO^-niT^j+Tn 1 -/^ 70 ' (57) 

with /?(£) given in eq. (21). This expression may be evaluated numerically, revealing that N > 70 
for ^ < 2.5 x 10~ 3 (or N > 70 for the Brans-Dicke parameter oj > 100) .0 Considering the quasi- 
power-law expansion for induced-gravity inflation under the new inflation conditions, this result 
makes sense: for small values of £, a(t) oc t 1//4 ^, and thus 1 yields rapid expansion. Furthermore, 
as discussed in [jj"2j ], there is no lower bound on £, as there is for extended inflation (stemming from 

bubble percolation requirements), because of the second-order phase transition in induced-gravity 

3 Note that for chaotic inflation conditions, additional assumptions must be made about the value of 4> before N 
can be used to place limits on £. 
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inflation. This means that the first-order result in the Jordan frame is (1 — n s> j) < 0.02, while the 
first-order result in the Einstein frame is (1 — n Sj e) < 0.04. Thus, in either frame, induced-gravity 
inflation with the new inflation conditions predicts n s ~ 1. 

In the following two sections, the Einstein frame formalism of section 2 is applied to two other 
closely-related GET models of inflation. We only present the results for n s as determined by the 
Einstein frame formalism of section 2; again, these should remain invariant between the Einstein 
frame and the Jordan frame for the cases of quasi-de Sitter inflation, and it is expected that the 
numerical discrepancies between frames is small for the quasi-power-law case. 

4 Non-minimally coupled scalar with 4 self-interaction 

The action, eq. (1), can be used to study a non-minimal coupling similar to, but distinct from, 
that of induced-gravity inflation. In this section we consider a model given by the action (see, e.g., 



01): 



V(4>) 




(58) 



from which the Jordan-frame field equations in a flat Friedmann universe become: 



2 



3(1 + K 2 ^) 



v{<t>) + - sew 




i 



An 2 i4>V{4>) - (1 + K 2 ^ 2 )V'(^) , 



(59) 



(1 + k 2 ^ 2 (1 + 60) 
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where overdots denote time derivatives and primes denote d/d<p. For these field equations, the 
Einstein frame "inflationary attractor" assumption becomes: 



2 



= 3(1+ ^) VWl 

mi = (i + ^ (i + so) [ 4 " 2 ^ v ' w " (1 + "WW] ■ < 6 °) 

As for induced-gravity inflation, these slow-roll field equations may be integrated to yield a{t): 

a( t) _ A + K W ( t) y /4 ..„ rd +«£).„. . (61) 



exp 



a B \ 1 + k2 ^o 

Note from the form of the potential, V((f>), that this model only admits chaotic inflation initial 
conditions, with (j) S> 0, and hence during inflation, the expansion is predominantly quasi-de 
Sitter. 

A few words are in order concerning the sign of £ in this model. In induced-gravity inflation, 
the sign of £ is fixed by present conditions: £ > is required to yield the proper value of the Planck 
mass. Yet in this model, the sign of £ is undetermined by present conditions: after inflation, 4> — 0, 
and the present value of the Planck mass is independent of the model parameters. However, we will 



only consider values of £ > here; as Toshifumi Futamase and Kei-ichi Maeda concluded in [16], a 
negative value of £ (according to the sign conventions used here) would require |£| < 10 -3 in order 
to yield sufficient inflation. Such constraints do not apply for the sign choice £ > 0. 
Making the conformal transformation of eqs. (3-4) yields: 



n(a;) = y/l + K 2 ^(t), 

u{4>) = (i + « 2 £/)~V(<£), 



dip (l + ^2 (1+6e)) l/2 

# (1 + K 2 £0 2 ) ' 1 ' 
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The first of the PSRA parameters thus becomes: 

= _8_ 1 ( ^ 

6 k 2 </> 2 (1 + k 2 ^ 2 (1 + 6£))' 1 j 

Setting e = 1, and writing K 2 £,4> 2 nd = P 2 {€), we may solve for /?(£): 



1 



0= \jWTTW)^ m(2 + 3n + 1 - 1 )- <64) 

Note that (3 max = 1.07, and (3 -> as £ ^ 0. 

If we similarly write k 2 £,4> 2 hc = m2 (0> then the three PSRA parameters may be written: 

1 



4^ 



m 2 (1 + m 2 (l +60)' 
(3 + m 2 (l + 12f) - 2m 4 (l + 6£)) 
m 2 (l + m 2 (l + 60) 2 



^ |3 + 2m 2 (-2 + 3fl - 15m 4 (l + 6Q - 6m 6 (l + 6g) 2 + 2m 8 (l + 6g) 2 | 1/2 

m 2 (l + m 2 (l + 60) 2 ' 

As for induced-gravity inflation, m(£) can now be approximated by using eq. (12). In this model, 

cq. (12) may be rewritten: 

1 



m 2 _ (1 + P 2 ) [(1 + 60^2 ^ 8a 
/3 2 " /3 2 6XP 



(m 2 - (3 2 ) 



where, again, the consistency of the chaotic inflation conditions requires m/[3 > 1. Remarkably, 
the requirements for this model then take the same form as for induced-gravity inflation: 



- f 2 + A' <67> 

with /?(£) for this model given by eq. (64). The spectral index may now be calculated using eq. 
(10), where, again, the three PSRA parameters of eq. (65) are functions of £ alone. 

The first order result, n s = 1 — 6e + 2rj, may be approximated in the limit m»l, yielding: 

n a ^l - , — r. (68) 

(ieea-1) v ; 
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Figure 2 shows the full second-order results. The spectral index satisfies 0.96 < n s < 0.97 for 
£ > 4 x 10 -3 , again in very close agreement with the empirical results. 

The final model to be considered here is a close cousin to this model, with the 4> 4 potential 
replaced by a Ginzburg-Landau potential. 



5 Non-minimally coupled scalar with Ginzburg-Landau Potential 

As for the previous model, the action for this last model may be written: 

V(cb) = \{^ 2 -v 2 ) 2 . (69) 

There is a subtle difference between this model and the last, concerning the present value of the 
Planck mass: in this model, </> ~ v at the end of inflation, and not ~ 0, which means that the 
present value of the Planck mass is determined by: 

, 87t(1 + k 2 £w 2 ) , N 

M PI = —2 ■ ( 7 °) 

In other words, k 2 / 87rM^ 2 ; instead, k 2 is a free parameter of the model, with dimensions mass~ 2 . 
For this reason, in this section only, the present value of Newton's gravitational constant will be 
written as: k 2 n = &itM~ 2 / k 2 . Equation (70) may then be rewritten: 



^ r = l + K 2 tv 2 ^l + 5 2 , (71) 

K N 



where the parameter S 2 = k 2 £v 2 has been defined. The spectral index in this model is thus a 
function of the two free parameters, £ and 5 2 . Note also that, as above, we will only consider values 
of £ > 0. 
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The Jordan-frame slow-roll field equations, eq. (60), with the new potential and k 2 / 
then be integrated for a(t): 

Q I A on,. 

"(1 + 60 .2 



.2 ( ,--2t i \ \ 3 / 4 /^U«> 2 /4 



o(t) _ 7 ^WV' vi 



-4 - 2 W) 



(72) 



Although <j){t) cannot be solved exactly as a function of t, the opposite can be done, to study how 
4> evolves with t. That is, if we write the Jordan-frame field equations (60) as: 



H 2 ~ OLAWVtf), 



(73) 



then during slow-roll, we may invert this expression and integrate to find t as a function of (j>: 



B(4>) 



(74) 



or: 



±1 



(l + <5 2 ) V 4A 



In 



4>{t) 1 ■ \ 1 • ,<^dj 
6o 1 + y/l + ^WW) 



± 



(1 + 6fl /3k2 
(l + <5 2 ) V 4A 



1 + K : 



1 + K 2 £02 



(75) 



where the + is for new inflation initial conditions, and the — for chaotic inflation initial conditions. 
It can be verified numerically that the nonlinear terms in this expression are dominant only for 
very small values of « 2 £0 2 (i), and that for K 2 £(j) 2 (t) ~ 0(1), it is a good approximation to assume 
<p(t) oc t. Thus, as for induced-gravity inflation, the expansion under chaotic inflation initial 
conditions is quasi-de Sitter, while the expansion under new inflation initial conditions is quasi- 
power-law. 

The first PSRA parameter for this model is 



e = 



8(1 + 5 2 



t % (</ ,2_ v 2 ) 2(l + K 2^2 (1 + 66) - 



(76) 
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Writing K 2 t,<fi 2 nd = /^ 2 (£)> the equation for (3 becomes rather difficult to solve exactly: 

= /? 6 (I + 6£) + /? 4 -2/? 3 5 2 (l + 6£) 

+ /3 2 5 2 (j 2 (l + 6£) -£(l + <5 2 ) 2 ) -2/3<5 2 + <5 4 . (77) 

Instead, for the chaotic inflation conditions, two limiting approximations may be made: (a) 4> 2 nd 
v 2 (i.e. /3 2 S> 5 2 ), so that the (3 calculated in the previous section, eq. (64), can serve as the 
approximate value here; and (b) 4> 2 end ~ v 2 (f3 2 ~ 5 2 ). We will also assume (3 2 ~ S 2 for the new 
inflation initial conditions. For case (a), we will define k 2 ^ 2 hc = m 2 (^), and thus the PSRA 
parameters for case (a) may be written: 



2\2 



m 



2 



rj a = 4£(l + <5 



(m 2 -5 2 ) 2 (l + m 2 (I+60)' 
2 ^ (Fa + G a 5 2 ) 

(m 2 -<5 2 ) 2 (l + m 2 (l + 60) 2 ' 



Ca = 4^(1 + ^) ' 3° ° ' 2> ( 7§ ) 

,5 2 | J/z (l + m 2 (I + 6e)) z 



with m 2 » <5 2 , and 



F a = 3m 2 + m 4 (I + 12f) - 2m 6 (I + 60, 

G a = -l + 3m 2 + 4m 4 (l + 60, 

K a = 3m 2 + 2m 4 (-2 + 3O-15m 6 (I + 6C)-6m 8 (l + 6O 2 + 2m 10 (I + 6O 2 , 

L a = m 2 (7 + 120 + 6m 4 (I + 90-9m 6 (l + 60-8m 8 (l + 60 2 - (79) 

For both chaotic and new inflation conditions under case (b) (3 2 ~ 5 2 , we will define K 2 ^<fxjjQ = 
ra 2 (£) 5 2 . Then the PSRA parameters become: 

se(i + 5 2 ) 2 



m 



5 2 (m 2 -l) 2 (l + m 2 5 2 (l + ^)) , 

4g (1 + 5 2 ) F\, 

S 2 (m 2 -l) 2 (I + m 2 J 2 (l + 60) 2 ' 
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= 4^(1 + ^) \K b \^ 
b $ 2 |m 2 -l| 3/2 (l + m 2 <S 2 (l + 6£)) 2 ' 

with 

F b = -l + 3m 2 (l + 5 2 )+m 4 <5 2 ((l + 12£)+45 2 (l + 6£)) - 2m 6 <5 4 (l + 6£), 
K b = m 2 (3 + 5 2 (7 + 12^)) +2m 4 5 2 ((-2 + 30+3<5 2 (l + 90) 

- 3m 6 5 4 (l + 6e)(5 + 35 2 ) -2m 8 ,5 6 (l + 6e) 2 (3 + 4(5 2 ) +2m 10 ,5 8 (l + 6e) 2 . (81) 

All that remains now is to calculate appropriate values for m(£) for each of these cases. 
Proceeding as above, m(£) becomes under each of these conditions: 



m ch , a > f 2 +^^j(i+n 



^ I 8£a (1 + 5 2 ) 

/ A£a (1 + 5 2 ) , , 

where (3 for m c h^ a is given by eq. (64). Due to sufficient inflation constraints in the new inflation 
case, we have only considered £ <C 1. The three first-order limiting cases for the spectral index may 
thus be written: 

32g 

n s , ch , a - (I6£ tt -1)' 

16£(1 + S 2 ) 

n 8 , ch,b - 1 - 



(8£a(l + <5 2 ) + <5 2 ) ' 
n s , n ,b ^ 1-8^ (1 ^ 2) . (83) 

The full second-order results for various values of 5 2 are shown in Figures 3a and 3b. As for the 
other models, 0.90 < n s < 0.97 for many regions of allowed parameter space, yielding a spectral 
index in close agreement with observed values. 
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6 Conclusions 

The three closely-related GET models of inflation considered above all predict values of n s close 
to the observed, nearly-scale-invariant spectrum of perturbations. For the quasi-power-law cases 
(new inflation initial conditions), the spectral index varies roughly linearly with the non-minimal 
coupling constant £, with negative slope. For large values of £, then, this negative slope-dependence 
of n s on £ could drag the predictions for n s below the experimentally observed values. Yet sufficient 
inflation requirements place stringent restrictions on £ <C 1; if such sufficient inflation requirements 
can be met, then the resulting spectral index deviates only little from n s = 1.00. In the quasi-de 
Sitter expansion cases (chaotic inflation initial conditions), n s again varies roughly linearly with £, 
but with positive slope; n s thus remains close to n s = 1.00 for most values of £. Note that these 
small deviations of n s from the Harrison-Zel'dovich spectrum mean that each of the models con- 
sidered here predicts very small values for the tensor- mode perturbation index, tit, and the ratio 



of tensor to scalar mode amplitudes, R: both tit and R are proportional to e to first order [14], 
and in each of the cases above, < e < <C 1. 

Under new inflation initial conditions, the Einstein frame formalism employed here yields differ- 
ent forms of n s (£) from calculations conducted exclusively in the Jordan frame. The physical basis 
for these discrepancies is discussed in section 3.2, and is further treated in [pSfl . However, again 
owing to the requirements from sufficient inflation, in the allowed regions of £-space the numerical 
values for n s differ negligibly between the two frames. Under chaotic inflation initial conditions, 
there are no discrepancies between the forms of n s (£) in the two frames. 

Each of these models is able to produce acceptable spectra, even though their cousin-model 
extended inflation cannot, because they avoid both of the so-called l u) problems' which plagued 
extended inflation. |]TTJ [|l^] |l^| First, each of the models considered here exits inflation by slowly 
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rolling towards the vacuum expectation value of its potential, thereby avoiding the strict require- 
ments from bubble nucleation and percolation associated with a first order phase transition. This 
means that there is no lower bound on £ for these models. Second, by exiting inflation, all three of 
these models also exit the GET phase: after inflation, as <p settles in to v (or 0, for the A</> model), 
the coefficient of the Ricci scalar in the action, eq. (1), becomes the constant 1/(2k^). Thus, the 
second order phase transition responsible for ending inflation simultaneously delivers the universe 
into the canonical Einstein-Hilbert gravitational form. Unlike extended inflation, then, present- 
day tests of Brans-Dicke gravitation versus Einsteinian general relativity place no restrictions on 
allowed values of £ during the early universe. 

The approach used in this paper can be generalized further, by choosing a more general form 
for the GET action, eq. (1). For example, specifically "stringy" effective actions, which often have 
the "wrong" sign for the kinetic term in eq. (1) and different effective scalar potentials j3j, can 
be studied, as can models with more than one scalar field coupled to the Ricci scalar (e.g., p5| ). 
By studying these GET models of inflation with the methods employed here, we may further take 
advantage of the window on Planck scale physics offered by the primordial spectrum of density 
perturbations. 
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8 Figure Captions 

Figure 1. Second-order results for the spectral index n s for induced-gravity inflation, based on 
equations (10, 24, 26, 27), with a = 60. The solid line is for new inflation initial conditions, and 
the dashed line is for chaotic inflation initial conditions. Note that for the new inflation scenario, 
£ > 2.5 x 10~ 3 is forbidden, due to sufficient inflation requirements. 

Figure 2. Second-order results for the spectral index n s for the model of section 4, based on equa- 
tions (10, 65, 67), with a = 60. This model only admits chaotic inflation initial conditions. 

Figure 3. Second-order results for the spectral index n s for the model of section 5, based on equa- 
tions (10, 78-82), with a = 60. (a) Chaotic inflation initial conditions, with the free parameter 
S 2 = 10~ 6 (solid), 10" 1 (dashed), 1 (dot-dashed), and 10 (dotted). (6) New inflat ion initial condi- 
tions, with the free parameter 5 2 = 10 _1 (solid), 1 (dashed), and 10 (dot-dashed). 
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